I. INTRODUCTION
Self-propelled particles swimming in fluids at low Reynolds number have recently gained a lot of attention. [1] [2] [3] [4] Different methods to construct microswimmers exist. One idea is to generate a slip velocity field close to the swimmer's surface by different phoretic mechanisms that drag the particle forward. A typical example of an artificial swimmer is a nano-or micron-sized Janus colloid. It has two distinct faces that differ in their physical or chemical properties. 5 In the simplest realization, one face catalyzes a chemical reaction and the reactants set up a self-diffusiophoretic flow. 6 A combination of self-diffusio-and electrophoresis close to bimetallic Janus particles in a peroxide solution generates an electrochemical gradient to propel the swimmer. 7, 8 Heating a Janus particle, where the thermal conductivity of both faces differs, generates a temperature gradient, in which the colloid moves. This effect is called thermophoresis. 9 Finally, in a binary solvent close to the critical point, the liquid around Janus colloids demixes locally, which also induces a self-diffusiophoretic flow. 10 Both the individual swimming mechanisms of these Janus particles and other microswimmers as well as their collective motion have evolved into very attractive research topics. 4, 11 In fact, the study of collective motion in non-equilibrium systems has opened up a new field in statistical physics. Recent studies of collective motion also concentrate on the role of hydrodynamic flow fields.
In the first part of this paper, we derive the flow field around an emulsion droplet initiated by a non-uniform surface tension at the droplet interface. This phenomenon is known as Marangoni effect. 37 In the proximity of the droplet interface, Marangoni flow is directed towards increasing surface tension. So far, there have been detailed studies of the flow field around active droplets, where the surface tension is axisymmetric σ = σ(θ). 38, 39 Formulas of the non-axisymmetric case have been mentioned in an extensive study of the rheology of emulsion drops and have been used to explain cross-streamline migration of emulsion droplets in Poiseuille flow. [40] [41] [42] Here, we present a detailed derivation and illustration of the full flow field for an arbitrary surface tension profile σ(θ, ϕ) at the droplet interface. We provide formulas for the flow fields inside and outside of the droplet, the droplet velocity vector v D , as well as for the squirmer parameter β, which determines whether a droplet is a pusher or a puller.
In the second part of this paper, we apply the presented formulas to two illustrative examples. There are various causes for a non-uniform surface tension field σ(θ, ϕ). A surfactant lowers the surface tension by accumulating at an interface. Thus, the simplest way to generate Marangoni flow is a non-uniform distribution of a surfactant within an interface. In our first, simple example, we consider an initially "clean" or surfactant free droplet 43 immersed in a fluid, which is enriched by micelles, i.e., aggregates of surfactant molecules. When a micelle adsorbs somewhere at the droplet interface, Marangoni flow is induced and propels the droplet in the direction of the adsorption site. Now, the resulting outer fluid flow preferentially advects other micelles towards the existing adsorption site. This mechanism can spontaneously break the isotropic symmetry of the droplet, which then moves persistently in one direction, if the mean adsorption rate of the micelles is sufficiently large. Micelles have been shown to be crucial in the dynamics of active water as well as liquid crystal droplets. 25, 26 While we do not attempt to unravel the detailed mechanism for activity in these examples, we present here a simple idea how micelle adsorption generates directed motion.
In the second example, we use a non-uniform mixture of two surfactant types to induce Marangoni flow. Such a mixture can be created by a chemical reaction. 18 Here, we illustrate a different mechanism. Light-switchable surfactants exist which change their conformation under illumination with light. 44 So, by shining laser light onto a droplet covered by light-switchable surfactants, 44 one locally generates a spot of different surfactant molecules. Depending on the surfactant type in the bulk fluid and the wavelength of the laser light, the emulsion droplet is either pushed by the laser beam or pulled towards it. The first situation is unstable and the droplet moves away from the beam and then stops. In the second situation, the droplet moves on a straight trajectory along the beam. With decreasing relaxation rate towards the surfactant in bulk, a Hopf bifurcation occurs and the droplet also oscillates about the beam axis. We explore these cases for strongly absorbing and for transparent droplets.
The article is organized as follows. In Sec. II, we derive the flow fields inside and outside an emulsion droplet induced by a non-uniform surface tension profile. The flow fields depend on the droplet velocity vector v D , which we evaluate and discuss in Sec. III. Section IV discusses characteristics of the flow field and introduces the squirmer parameter in order to classify active droplets as pushers or pullers. The Secs. V and VI contain the illustrative examples. Section V demonstrates how micelle adsorption spontaneously breaks the isotropic droplet symmetry and induces directed propulsion. Finally, in Sec. VI, we introduce and discuss the emulsion droplet covered by a light-switchable surfactant. The article concludes in Sec. VII.
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II. VELOCITY FIELD OF A FORCE-FREE ACTIVE EMULSION DROPLET
In the following, we consider a droplet of radius R with viscosityη of the inside liquid immersed in an unbounded bulk fluid with viscosity η. At low Reynolds number, we have to solve the creeping flow or Stokes equation to determine both the velocity field u(r) outside the droplet (r > R) and the fieldû(r) inside the droplet (r < R). Solving the problem needs two steps. 45 At first, we solve the Stokes equation for a droplet, which is fixed in space, with a given inhomogeneous surface tension σ at the interface. The resulting flow field of this "pumping problem" will be called w. Second, we derive the flow field v of a passive droplet swimming with a prescribed velocity v D , the so-called Hadamard Rybczynski solution. 46 The complete flow field of the swimming droplet is then given by the superposition of both flow fields: u = v + w. This approach ensures that the swimming droplet is a force-free swimmer. 4 The droplet velocity vector v D is calculated by means of the Lorentz reciprocal theorem for Stokes flow in Sec. III.
A. Pumping active droplet
In this section, we fix the active emulsion droplet in space and analyze the velocity fields outside (w) and inside (ŵ) of the droplet generated by the inhomogeneous surface tension at the fluid interface. We start with the boundary conditions formulated in spherical coordinates in the droplet frame of reference,
where r is the distance from the droplet center and R the droplet radius. These conditions assure that the droplet is fixed in space (1), has an impenetrable interface (2) , and the tangential velocity at the interface is continuous (3). Condition (4) states that a gradient in surface tension σ at the interface has to be balanced by a jump in the fluid shear stresses. This gradient in surface tension induces the Marangoni flow close to the interface. Here, we introduce the surface projector P s = 1 − n ⊗ n with surface normal n = e r . Correspondingly, we use the notation ∇ s = P s ∇ for the surface gradient, where ∇ is the nabla operator. In addition, we assume the droplet to be undeformable, i.e., of constant curvature ∇ · n = 2/R, and thus do not need to consider the normal stress balance at the interface. Hence, we are in the regime of small capillary number Ca = R|∇ s σ|/|σ| ≪ 1. 33 Finally, the viscous part of the Cauchy stress tensor of an incompressible Newtonian fluid with viscosity η is given by
T . In spherical coordinates, we find following two equations from condition (4) for the polar and azimuthal components of ∇ s σ:
Fluid flow at the liquid-liquid interface is always driven by a gradient in σ, whereas pressure only acts in normal direction. We now use the set of boundary conditions (1)-(3) and (5) to solve the Stokes equation η∇ 2 w − ∇p = 0 outside and inside the droplet. Due to the spherical symmetry of our problem and since pressure p satisfies the Laplace equation, the following ansatz for the velocity and pressure fields outside the droplet are feasible according to Refs. 47 and 48:
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where Y 
Comparing Eqs. (8a) and (11a) or alternatively (8b) and (11b), we finally find
This completes the derivation of the velocity field of an active droplet with a given surface tension profile σ, which is fixed in space.
The fluid flow at the interface is now easily calculated by inserting the coefficients β m l into the ansatz for w and setting r = R,
with s m l from Eq. (10) . Comparing the components of Eqs. (11) and (12) with each other, we realize that the expansion coefficients only differ by a factor 1/(2l + 1). Thus, the fluid flow at the interface w| R is basically equivalent to a smoothed gradient of the surface tension ∇ s σ.
B. Passive droplet
In this section, we will calculate the velocity field v of the viscous flow around a passive sphere moving with a velocity v D . In the rest frame of the moving sphere, boundary conditions (2) and (3) from the analysis of the fixed active droplet remain unchanged, while Eqs. (1) and (5) are replaced by
The second condition is equivalent to ∇ s σ = 0. It means that the fluid shear stress is continuous across the droplet interface and hence the droplet is passive. The procedure of calculating the flow field v is very similar to the case of the active droplet in Sec. II A. We outline it in the following. We employ the same ansatz for the external (v) and internal (v) droplet field, as we did for w and w for the pumping active droplet in Eqs. (6) and (7) . However, in order to satisfy boundary condition (13), we have to add the three spherical components of −v D ,
to the ansatz for v, where we have introduced the coefficients v
From condition (2), we findα
just as in the active case of Sec. II A. Boundary condition (3) relatesβ
Finally, we use boundary condition (14) to derivê
while all other coefficients with l ≥ 2 vanish. So, we have related all coefficients to the components v m 1 of v D . We obtain the axially symmetric velocity field v of a passive droplet, the so called HadamardRybczynski solution of a creeping droplet, 46 which moves with velocity v D . In Appendix B, where we give the complete velocity field u of the active droplet, one can read off the flow field v as the terms that contain v D . These terms either decay as 1/r or 1/r 3 . In particular, the velocity field at the interface is
We will calculate the droplet velocity v D in Sec. III. Note that, asη → ∞, one recovers the usual no-slip boundary condition of a rigid sphere. 
C. Complete solution
The complete flow field of the force-free swimming active droplet is the sum of both contributions, from the fixed active and the passive droplet. The velocity fields inside (û =v +ŵ) and outside (u = v + w) of the droplet are summarized in Appendix B. The formulas are equivalent to the ones in Refs. [40] [41] [42] . The outside flow field is also presented in the lab frame. Here, we mention the velocity field u| R = w| R + v| R at the interface with w| R taken from Eq. (12) and v| R from Eq. (16),
Before studying the axisymmetric limit, we investigate the role of viscosity. The most commonly studied droplet emulsions are either oil droplets in water or vice versa, where typical viscosities are η water = 1 mPa s and η oil = 36 mPa s. 18, 25 We will show in Sec. III that v D ∝ (2η + 3η) −1 . Using this result in Eqs. (17), we find that in the case η ≥η, both w and v scale as 1/η. In the opposite case, η ≪η, the pumping solution scales as w ∝ 1/η while v ∝ η/η 2 . Hence, for an oil drop in water, one can neglect v, when calculating the velocity field (17) at the interface.
An axisymmetric surface tension σ = σ(θ), where only spherical harmonics with m = 0 contribute in Eqs. (9) and (17a), yields
Here, P l (cos θ) are Legendre polynomials of degree l and P 1 l (cos θ) = ∂ θ P l (cos θ). Levan and Newman already solved the case of an axisymmetric swimming droplet, 38 where the Stokes equation can be rephrased to a simpler fourth-order partial differential equation for a scalar stream function. 48 They found the flow field at the interface,
where C −1/2 l (cos θ) are Gegenbauer polynomials of order l and degree −1/2. These are connected to Legendre polynomials by
A standard calculation, which uses the properties of Legendre and Gegenbauer polynomials, shows indeed that Eqs. (19) and (18) are equivalent.
The general solution for the surface flow, Eqs. (17), still contains the unknown droplet velocity vector v D . We will calculate v D in Sec. III, by relating it to the non-uniform surface tension.
III. DROPLET VELOCITY VECTOR
A central quantity in all studies of swimming droplets is the swimming speed v D . Furthermore, for droplets without an axial symmetry, the swimming direction e is not obvious. Both together define the droplet velocity vector v D = v D e. Once this quantity is known, the flow field u| R in (17) is completely determined.
In order to derive an expression for v D , we stress that an active particle is force-free. 4 Accordingly, the total hydrodynamic drag force F = F a + F p , acting on the particle, has to vanish. Here, F a and F p are the drag forces of the active pumping droplet and the passive droplet, treated in Secs. II A and II B, respectively. The drag forces are given by F a = −4π∇(r 3 p 1 | a ) and F p = −4π∇(r 3 p 1 | p ), respectively, with solid harmonics p 1 | a and p 1 | p of the corresponding flow fields. 48 For the passive droplet, one finds also known as the Hadamard and Rybczynski drag force of a droplet. 46, 49, 50 It reduces to the well known Stokes drag of a solid sphere forη ≫ η, whereas it predicts a reduced drag for droplets and bubbles, due to a finite slip velocity at the interface. The condition F a + F p = 0 gives the simple relation α 
An equivalent relation writes v D as the average of flow field w over the droplet surface, see Appendix C. The droplet velocity vector is solely determined by the dipolar coefficients (l = 1) in the multipole expansion of the surface tension σ. It can be written as
Next, we derive an alternative formula for v D . Using the explicit expressions for the s m 1 from Eq. (10) and the Cartesian components of the radial unit vector e r , we rewrite Eq. (21) as
 σe r dA. Finally, extending σ into the droplet with ∂σ/∂r = 0 and applying Gauss's theorem, we obtain
Thus, the droplet velocity vector v D is simply given by the integral of the surface-tension gradient ∇ s σ over the whole droplet surface. By comparing this with the alternative formula for v D in Eq. (C1), we realize that for calculating the droplet speed, the following equivalence holds:
By using the= symbol, we stress that this equivalence is only valid in Eq. (C1) and not for the flow field w| R in general. However, Eq. (23) illustrates that the surface flow is initiated by a gradient in the surface tension.
In the axisymmetric case (m = 0),
which is equivalent to the swimming speed calculated by Levan and Newman. 38 Note that the swimming velocity is independent of the droplet radius R.
Ansätze (6) and (7) for flow and pressure fields can also be used to treat droplets of non-spherical shape. 48 For the torque, which a droplet experiences from the surrounding fluid, one finds M = −8πη∇(r 3 χ 1 ). 48 However, as explained in Sec. II A, the solid harmonic χ 1 vanishes and thus M = 0. Therefore, for a spherical droplet, the angular velocity is zero, Ω = 0, and the swimming kinematics is completely determined by v D . Hence, there is no generalization of the Stokes drag torque M = −8πη R
3 Ω of a rigid particle to an emulsion droplet. 
IV. CHARACTERISTICS OF FLOW FIELD
In this section, we discuss some characteristics of the outside flow field u(r) fully presented in Appendix B. Flow fields around an active particle can be written as a superposition of flow singularities. 52, 53 The lowest singularity, the Stokeslet, is the flow field due to a point force f δ(r)a pointing in direction a. It decays as u ∝ r −1 and is only present if external forces act on the particle. In our analysis, we do not consider external forces.
The leading singularity of a force-free active droplet is the stresslet. An example is the force dipole constructed from two Stokeslets, which one obtains by taking the derivative of the Stokeslet along a given direction b. The resulting flow field decays as u ∝ r −2 . In general, the stresslet corresponds to the symmetrized first moment of the force distribution on the particle surface. Thus, it is characterized by the symmetric tensor S = − 2π 3 ∇ ⊗ ∇(r 5 p 2 ) with solid harmonic p 2 , which here comes from the pumping active droplet. 54 One obtains
For instance, the flow field of two Stokeslets in direction a = ±e x , which are connected along b = e y , is given by component S x y . Clearly, only the coefficients s (21)]. Hence, these coefficients are always non-zero when the droplet is swimming. The Stokes quadrupole is, for example, a combination of two stresslets. It is related to the second moment of the force distribution, a tensor of rank three. As can be observed from Appendix B, the coefficients s m 3 account for the Stokes quadrupole. To summarize, the lowest-order decay of the flow field around a swimming active droplet is therefore either u ∝ r −3 in the case of S = 0 or u ∝ r −2 if S 0.
A. Generalized squirmer parameter
A useful parameter to quantify the type of a microswimmer driven by surface flow is the squirmer parameter β. It compares the stresslet strength to the source dipole. The squirmer is a classic model of an axisymmetric spherical microswimmer. 55, 56 It has recently been generalized to the non-axisymmetric case. 45 The essential boundary condition of a squirmer is a prescribed flow field w| R at the surface of a sphere. In contrast, the flow field w| R of an active droplet is the result of a non-uniform surface tension at the fluid interface.
In the following, we calculate the squirmer parameter β for an active droplet with arbitrary swimming direction as a function of the angular expansion coefficients s m 2 of the surface tension. For an axisymmetric squirmer with surface flow velocity
one defines the squirmer parameter β as 4,55-58
where 2/3 |B 1 | is the swimming speed. When β is positive, the surface flow is stronger in the front on the northern hemisphere and the flow around the squirmer is similar to the flow field initiated by a swimming algae such as Chlamydomonas. The swimmer is called a "puller" since it pulls itself through the fluid. Accordingly, a swimmer with β < 0 is called a "pusher." For example, the bacterium E. coli swims by pushing fluid away from itself at the back by a rotating flagellum. 4 For β 0, the flow field far away from the swimmer is dominated by the hydrodynamic stresslet or force dipole with u ∝ r −2 . However, in the case β = 0 ("neutral swimmer"), the source dipole with u ∝ r −3 dominates. One example for a neutral swimmer is the Volvox algae. 4 For β → ±∞, the swimmer becomes a "shaker" that shakes the adjacent fluid but does not swim. Note that hydrodynamic interactions between swimmers as well as between swimmers and walls strongly depend on their type, i.e., on the squirmer parameter β. Thus, β is a key parameter in the study of individual swimmers as well as their collective dynamics. 13, 15, 16, 19 For squirmers without axisymmetry but still swimming along the z-axis, Eq. (25) also contains terms depending on the azimuthal angle ϕ. In addition, a multipole expansion for the azimuthal velocity component u ϕ | R has to be added. Still, the coefficient B 1 determines the swimming speed and β the swimmer type since contributions from multipole terms with m 0 vanish when averaging over ϕ.
So, we first determine the squirmer parameter for an axisymmetric droplet that swims in z direction. Since β is related to flow fields decaying like 1/r 2 , we only have to consider the velocity field w of the pumping active droplet. For the surface tension profile
where we have only included the relevant two leading modes, we find from Eq. (12a) the following:
Comparing with Eq. (25), we identify the squirmer parameter of the swimming axisymmetric droplet as the ratio
In Eq. (D1) in Appendix D, we relate all the angular coefficients s 0 l to the squirmer coefficients B l , which yields the same expression for β.
The ratio of stresslet tensor component S z z = e z · Se z and velocity v D is proportional to β from Eq. (27) . Similarly, when projecting the stresslet tensor S onto an arbitrary swimming direction e, one averages over the azimuthal angle about e. So, the generalized squirmer parameter to characterize pushers and pullers becomes
Here, we have set the prefactor such that β agrees with Eq. (27) for e = e z . In Eq. (E1) in Appendix E, we give the concrete expression for β in terms of s Note that in the non-axisymmetric case, β = 0 does not mean that the stresslet is zero. For this, all components of the stresslet tensor have to vanish. Only then one can conclude that a flow field with u ∝ r −2 does not exist.
B. Surface divergence
The solution of the Stokes equation for the flow field u, which we presented in Sec. II C, fulfills the incompressibility condition ∇ · u = 0 everywhere, i.e., also at the interface. However, this does not necessarily hold for the surface divergence ∇ s · u| R . Using ∇ s 
Thus, any surface actuation s m l 0 results in ∇ s · u| R 0. In other words, surface divergence is a necessary condition for propulsion. 25, 59 In fact, the surface divergence of the pumping field ∇ s · w| R , i.e., the second term on the r.h.s. of Eq. (29), contains the expansion coefficients of σ amplified Inside (û) and outside (u) velocity field streamlines at a cross section through an emulsion droplet for a given surface tension σ(θ, ϕ). To draw the streamlines, the velocity vectors at the cross section are projected onto the cross section. Moreover, the surface divergence ∇ s · u| R at the droplet interface is shown.
by a prefactor O(l). Furthermore, comparing Eq. (29) with the radial components of the inside and outside velocity fieldsû r and u r from (B1a) and (B1d), respectively, one finds the following. Regions at the interface with positive divergence, ∇ s · u| R > 0, are accompanied by radial flowsû r > 0 and u r < 0 towards the interface. On the other hand, regions with convergence, i.e., negative divergence, ∇ s · u| R < 0, induce radial flowsû r < 0 and u r > 0 away from the interface. Figure 1 illustrates this. Depicted is the surface divergence ∇ s · u| R along with the streamlines ofû and u at a cross section through an emulsion droplet with given surface tension field σ(θ, ϕ). In Section V, we will build on this finding and demonstrate how micelle adsorption spontaneously breaks the isotropic symmetry of the droplet interface and thereby induces propulsion.
V. SPONTANEOUS SYMMETRY BREAKING BY MICELLE ADSORPTION
For the remainder of this paper, we will discuss possible applications for Marangoni flow initiated at the interface of an emulsion droplet. In this section, we present a model of a droplet which performs directed motion by adsorbing micelles, i.e., spherical aggregates of surfactant molecules. We consider a spherical oil droplet in water, the surface of which, initially, is hardly covered by surfactant molecules. Due to the small ratio of viscosities outside and inside the droplet, η ≪η, we neglect the passive part v of the velocity field and set u = w, as pointed out in Sec. II C. The surrounding water phase is homogeneously enriched with micelles formed by surfactant molecules. In the following, we explain how this setup can lead to a persistent swimming motion of the droplet. Once one of the micelles with radius R M hits the droplet interface, the surfactants will adsorb at the droplet interface with a probability p and cover a circular region of area 4πR 2 M , as illustrated in Fig. 2 . Thus, at the adsorption site, surface tension is lower compared to the surrounding surfactant-free interface. The resulting Marangoni flow is directed away from the adsorption site and therefore spreads the surfactants over the droplet interface. The interfacial Marangoni flow u| R = w| R induces a displacement of the droplet in the direction of the adsorption site with a velocity given in Eq. (C1). Furthermore, the flow is accompanied by a positive surface divergence ∇ s · u| R > 0 and inward radial flow u r < 0 at the front of the droplet, as discussed in Sec. IV B. The flow field initiated by an adsorbed micelle is illustrated in the inset of Fig. 2 . Now, the radial flow towards the interface advects additional micelles and thereby increases the rate with which surfactants adsorb at the front of the droplet. Following this train of thought, we expect the droplet to eventually develop a spot with increased surfactant coverage thereby breaking the isotropic symmetry of the interface. As a result, the droplet performs directed motion that comes to an end when the interface is fully covered by surfactants. Note that this model starts with the assumption that the interface of the emulsion droplet initially is almost surfactant free. Such systems exist and Ref. 43 summarizes recent advances on realizing surfactant-free emulsion droplets. Furthermore, we do not take into account the detailed kinetics of the micelle adsorption. 60 We rather assume that when micelles adsorb at the interface, they simply spread their surfactant molecules.
A. Diffusion-advection equation
We propose a simple model for the surfactant dynamics at the droplet interface. The surfactant concentration Γ obeys a diffusion-advection equation with additional source term,
The two terms in brackets describe transport of surfactants due to diffusion and advection induced by Marangoni flow, respectively, and D s is the diffusion constant within the interface. The third term on the r.h.s. of Eq. (30) represents the bulk current of micelles hitting the droplet interface, where they are ultimately adsorbed with a mean rate 1/τ ads and τ ads is mean adsorption time. The Marangoni flow u| R at the droplet interface is generated by a concentration dependent surface tension, which we assume to be linear in Γ, for simplicity,
where σ 0 > σ s > 0. Here, σ 0 is the surface tension of the clean or surfactant free droplet (Γ ≪ 1) and σ 0 − σ s the surface tension of a droplet, which is fully covered by surfactants (Γ = 1). Thus, for a given surfactant density Γ(θ, ϕ), Eq. (31) yields the field of surface tension, which is expanded into spherical harmonics with coefficients s m l according to Eq. (10) . Note that equation of state (31) typically breaks down at large surface coverage. Here, we mainly focus on the early droplet dynamics, when the interface is only lightly covered with surfactants.
The micellar source term q has two contributions. Micelles perform a random walk through the outer fluid and ultimately hit the droplet interface which acts as a sink for the micelles. This sets up a diffusive current towards the interface. More importantly, as soon as Marangoni flow is initiated, micelles are also advected towards the interface as quantified by the radial flow component u r , which is connected to the surface divergence ∇ s · u| R at the droplet interface, as outlined in Sec. IV B and discussed in Ref. 61 in more detail. A rigorous study of the full 3D bulk diffusion-advection equation for the bulk concentration of micelles c is beyond the scope of this paper. Instead, we proceed as follows.
Comparing the time scale of micellar bulk diffusion estimate, we took R M = R/20 = 50 nm, η = 1 mPa s,η = 36 mPa s, σ s = 1 mN/m, and room temperature. Due to the large Peclet number, we neglect bulk diffusion completely and consider advection only in the following. We view micelle adsorption to occur anywhere at the interface as a Poissonian process. Adsorption events are independent of each other and the mean adsorption time between the events is τ ads as already mentioned. Micelles preferentially adsorb at positions on the interface with large ∇ s · u| R > 0, while they do not adsorb at locations with ∇ s · u| R < 0, where the radial flow is directed away from the droplet. We will explain the detailed implementation of the adsorption event in Sec. V B.
We introduce a dimensionless form of the diffusion-advection equation (30) for the droplet interface rescaling lengths by droplet radius R and times by diffusion time τ = R 2 /D s ,
As one relevant parameter, the so-called Marangoni number M = τ/τ A compares the typical advection time τ A = R(η +η)/σ s to τ, where we used u| R = σ s /(η +η) to estimate the Marangoni flow. Furthermore, the reduced adsorption rate becomes κ = τ/τ ads , which is the most important parameter in this problem. Although we kept the same symbols, all quantities in Eq. (32), including Γ, t, ∇ s , u| R , and q, are from now on dimensionless.
B. Numerical solution
To solve Eq. (32) numerically, we used a finite-volume scheme on a spherical mesh. 62 Initially, at time t = 0, the droplet is free of surfactants, Γ = 0, and at rest. While diffusive and advective currents are implemented within the standard finite-volume algorithm, we model the micelle adsorption by a Poissonian process. 63 At each time step ∆t in the numerical scheme, we allow an adsorption event with probability κ∆t. If it is successful, the micelle is adsorbed with larger probability at positions were ∇ s · u| R > 0 is large. To implement this, we introduce the weight function,
Then, the probability for micelle adsorption during time ∆t and within the solid angle element dΩ at an angular position (θ, ϕ) becomes
After a micelle adsorption event at site (θ, ϕ) is determined, we set Γ to one in a circular patch with radius 2R M centered around (θ, ϕ). In addition, we assume that surfactants stay at the droplet interface once adsorbed. In this setup, Marangoni flow and diffusion current act in the same direction along −∇ s Γ. So, the Marangoni number is not the relevant parameter to initiate directed motion and we always set M = 1. However, by tuning the adsorption rate κ, the droplet starts to swim. Figure 3(a) shows the swimming speed v D of an emulsion droplet for three values of the reduced adsorption rate κ = τ/τ ads . For κ = 4, the mean adsorption time is too large. The surfactant patch from a first micellar impact has already spread over the whole interface by diffusion and advection when a second micelle hits the droplet interface at a different location. As a result, the droplet follows a random trajectory. Figure 3(b) shows the corresponding swimming trajectory determined from r(t) = r(0)
). Increasing κ to 11, increases the number of micelles, which adsorb per unit time, and the swimming speed becomes larger. The swimming trajectory is still irregular albeit with an increased persistence.
Finally, for κ = 20, mean adsorption time is significantly shorter than the characteristic diffusion time. Thus, when a second micelle is about to hit the droplet interface, surfactant concentration Γ and surface divergence ∇ s · u| R are still peaked at the impact of the previous micelle. Therefore, the probability of the following micelle to adsorb at the front of the droplet is increased compared to the back. This spontaneously breaks spherical symmetry. A defined swimming direction evolves and the droplet shows directed motion with swimming velocity v D . This is confirmed by the swimming trajectory in Fig. 3(b) . As the droplet continues to swim, the difference in surfactant concentration at the adsorption site and the mean concentration at the interface decreases. As a consequence, the Marangoni flow extenuates and v D decreases in time [see inset of Fig. 3(a) ]. Finally, when the interface is fully covered, i.e., Γ = 1 on the whole interface, the droplet stops. Figure 4 shows the onset of directed swimming by plotting swimming speed versus reduced adsorption rate κ. Due to amplification of micellar adsorption at a specific spot, the droplet switches In experiments, κ = τ/τ ads can be tuned by adjusting the surfactant concentration c S . We equate the micellar adsorption rate τ (D s t A ) . We assume that a micelle consists of 10 4 surfactants and introduce the degree of micellization as the ratio γ between micellized surfactants and all surfactants in the system, and this yields c M = γ10 −4 c S . The ratio γ changes strongly around the critical micelle concentration c CMC . For example, for c S = 0.9 · c CMC , i.e., slightly below c CMC , one finds γ ≈ 5 · 10 −4 . 64 Together with estimates D s = 10 −5 cm 2 /s, 65 c CMC = 1.5 mmol/l, and values for R and t A from Sec. V A, we obtain κ ≈ 15, thus around the onset of motion in Fig. 4 . However, γ ≈ 10
means that micelle adsorption strongly competes with monomer adsorption, which is not contained in our model to keep it simple. Thus, to observe the onset of droplet motion in experiments, one has to increase c M by tuning the system closer to c CMC or even above.
Finally, we note that for increasing Marangoni number M, the patch of surfactants spreads faster due to advection and the crossover in Fig. 4 simply shifts towards larger κ.
VI. LIGHT-INDUCED MARANGONI FLOW
Certain surfactants are known to be photosensitive. [66] [67] [68] [69] For instance, surfactants based on azobenzene can undergo photoisomerization, where UV light (365 nm) transforms a trans to a cis configuration and blue light (450 nm) causes a transformation from cis to trans. During the trans-cis isomerization, subunits within the molecule change their relative orientation. Naturally, a different molecular structure also affects the surface tension of a surfactant-covered interface. Experiments showed that surfactants in the cis state cause a higher surface tension compared to the ones in the trans state. 67 This effect has recently been used to generate Marangoni flow. 44 Therefore, we suggest two possible applications of the formulas presented in Sec. II. We first treat light-driven motion of a strongly absorbing, i.e., "dark," emulsion droplet and then discuss how the results alter in the case of a transparent droplet.
A. Pushing an absorbing droplet with UV light
We think of an experiment where a spherical oil droplet of constant radius R is placed in a water phase laden with trans surfactants. Initially, the emulsion droplet is in equilibrium with the exterior phase and thus completely covered with trans surfactants. This corresponds to times t ≫ κ −1 in Sec. V. An UV laser beam with cross-sectional radius ρ < R is focused on the center of the droplet. It locally transforms surfactants at the interface into the cis state and thereby increases surface tension, see Fig. 5(a) .
Here, we assume that the droplet oil phase completely absorbs the incident light beam. Accordingly, the laser beam does not reach the interface opposite to the illuminated side. A thinkable droplet phase is crude oil, which has a penetration depth of α ≈ 100 µm at wavelength 400 nm. 70 On this length scale, the droplet is still in the low Reynolds number regime and all findings of Secs. II-IV are valid. Alternatively, one may fabricate a "dark" droplet by enriching the oil phase with soot or black pigment. In Sec. VI C, we study a transparent droplet.
The initiated Marangoni flow is oriented towards the laser beam and thus the droplet is propelled away from the laser beam, see Fig. 5(a) . Due to the advective current of surfactants towards the laser beam, the cis surfactants converge at the laser spot on the droplet interface and ultimately leave the interface. Fresh trans surfactants are adsorbed at the leading front of the droplet, i.e., at the side opposite to the laser beam.
Diffusion-advection-reaction equation
In the following, we review our theoretical approach to describe how the mixture of trans and cis molecules evolves in time, which then determines the dynamics of the flow field. More details can be found in Ref. 19 . We introduce the order parameter field φ(θ, ϕ) with respective values φ = +1 or −1 in regions where all surfactants are either in the cis or trans state, while in mixtures of both surfactants φ is in the range −1 < φ < 1. The dynamics of the order parameter φ at the droplet interface can be expressed by the diffusionadvection-reaction equation,
with diffusive current j D and advective Marangoni current φu| R . The source term couples the order parameter to the outer fluid laden with trans surfactants, i.e., φ eq = −1, by introducing a relaxation dynamics with time scale τ eq .
To derive the diffusive current j D , we use a Flory-Huggins free energy density,
where ℓ 2 is the head area of a surfactant at the interface. We introduce dimensionless parameters b 1 and b 2 to characterize the respective interactions between either cis or trans surfactants and b 12 describes the interaction between the two types of surfactants. With the total free energy F[φ] =  f (φ) dA the diffusive current becomes
where the Einstein relation D s = λk B T/ℓ 2 relates mobility λ to the interfacial diffusion constant D s . Note that the condition j D ∝ −∇ s φ is only fulfilled for a convex free energy with f ′′ (φ) > 0, i.e., if
In the following, we assume for simplicity
In order to determine the Marangoni flow at the interface, we need an expression for the surface tension σ. From free energy (35), we obtain the equation of state for the surface tension,
Here, we introduced the Marangoni number M = τ/τ A , where
is the advection time scale, and κ = τ/τ eq . All quantities of Eq. (38) are dimensionless. We numerically solve Eq. (38) on a spherical domain by the method of finite volumes as explained in detail in Ref. 71 . In all what follows, we set b 1 = 2 and b 2 = 1 as well as M = 1, i.e., τ = τ A . Furthermore, we choose κ = 1 to illustrate the main behavior but also discuss the system's dynamics for different values of κ.
Stationary solution of pushed droplet
Initially, we set the order parameter φ to −1 on the whole interface. We then turn on the UV laser beam hitting the interface on a circular patch with radius ρ = 0.2R. In our numerical scheme, this is implemented by setting φ = 1 in the area of exposure. Furthermore, to couple the droplet to the outer fluid laden by trans surfactants, we set φ eq = −1. Figure 6 , case (a) shows a typical stationary order parameter profile φ, which results from the dynamics of Eq. (38) . While φ exhibits a step-like function, the interfacial Marangoni flow u θ | R , also illustrated in Fig. 6 , case (a), spreads over the whole droplet interface. However, since the flow field is concentrated on the northern hemisphere and directed towards θ = 0, the droplet is a pusher. This is confirmed by the formulas for the squirmer parameter from Sec. IV A, which yield β = −2.8. Increasing κ enhances the coupling to φ eq = −1 at the droplet front and the step in the order parameter profile φ becomes steeper, whereas the profile φ does not significantly depend on the Marangoni number M.
Pushing the droplet off-center
So far, the pushed droplet swims with a constant velocity v D = −v D e z . Now, we introduce an offset ∆ y of the UV laser beam from the center of the droplet, and study the impact on the droplet trajectory. Figure 7(a) illustrates the situation. Due to the offset ∆ y, the Marangoni flow u| R pushes the droplet out of the laser beam. This increases the offset further and the orientation vector e tilts further away from the laser beam. FIG. 6 . Stationary solutions of the order parameter field φ and the flow field u θ | R for (a) the droplet which is pushed by UV light and (b) the droplet which is pulled by blue light. In both cases, the laser light hits the droplet interface at θ = 0, compare Fig. 5 . Order parameter φ = 1 and −1 corresponds to pure cis and trans surfactants, respectively. Further parameters are M = κ = 1. Figure 8(a) shows the trajectory of the droplet center for several values of the initial offset ∆ y. For vanishing initial offset, ∆ y = 0, the droplet swims in a straight line to the left, while in the case ∆ y 0, the droplet clearly moves away from the laser beam. As the droplet leaves the laser beam at y/R = −1, it continues to swim in a straight line until the surface is completely covered with trans surfactants and the droplet halts. Thus, the swimming of pushed droplets is unstable with respect to an offset ∆ y of the pushing laser beam.
Finally, we discuss how the trajectories are influenced by the reduced relaxation rate κ, with which the surfactant mixture relaxes towards the equilibrium value φ eq . In Fig. 8(a) , we also plot trajectories for κ = 2 and 10 in addition to the default case κ = 1 for the same initial offset ∆ y = −0.2R. In all three cases, the trajectories lie on top of each other, but for increasing κ, the droplet stops earlier. This is clear since the surfactant mixture relaxes faster to its equilibrium value, after the droplet has left the laser beam. Again, changing Marangoni number M does not alter the results significantly. Fig. 7(b) ]. Again M = κ = 1.
B. Pulling an absorbing droplet with blue light
In the following, we present an alternative mechanism to drive an oil droplet by light. Here, the droplet of constant radius R initially is in equilibrium with a water phase laden by cis surfactant. A blue laser beam with cross-sectional radius ρ < R is focused on the center of the droplet and locally transforms the surfactant into the trans state [see Fig. 5(b) ], thereby lowering the surface tension of this region. The resulting Marangoni flow at the interface points away from the laser beam and thus pulls the droplet towards the laser beam. The advective current moves surfactants away from the laser beam, which are replenished by cis surfactants from the water phase. Again, the droplet oil phase completely absorbs the incident light beam. In Sec. VI D, we consider a transparent droplet, which is pulled by blue light.
Stationary solution of pulled droplet
For the numerical solution of Eq. (38), the order parameter φ is initially set to φ = φ eq = 1. The blue laser beam with its circular patch of radius ρ = 0.2R is implemented by setting φ = −1 in the area of exposure. Figure 6 , case (b) shows the stationary order parameter profile φ as well as the interfacial Marangoni flow u θ | R . Since the maximum of u θ | R is at the front of the droplet, the droplet is a puller with β = 1.4. Note the different shape of u θ | R compared to the pushed droplet. The difference is due to positive curvature σ ′′ (φ) > 0 of the nonlinear equation of state (37) . Again, for increasing κ, the step in the order parameter profile φ becomes steeper.
Pulling the droplet back to center
In Sec. VI A 3, we demonstrated the unstable swimming of the pushed droplet. The droplet pulled by the blue laser beam shows the opposite behavior. As sketched in Fig. 7(b) , the droplet with offset ∆ y is pulled into the laser beam. This decreases the offset and the orientation vector e tilts towards and finally aligns along the laser beam. Figure 8(a) shows droplet trajectories for several initial offsets ∆ y. For ∆ y = 0, the droplet swims in a straight line to the right, while in the case ∆ y 0, the droplet position relaxes towards y = 0 while performing damped oscillations about the stable swimming direction. Thus, the straight swimming trajectory along the laser beam is stable with respect to lateral excursions. Now, we discuss how the pulled droplet trajectories depend on κ. Figure 9 depicts them for an initial offset of ∆ y = −0.9R. For large relaxation rates such as κ = 10 (yellow curve in Fig. 9 ), the surfactants relax back to the cis conformation as soon as the illuminated region moves out of the laser beam. Hence, the swimming direction e is always directed towards the illuminated spot [see FIG. 9 . Trajectories of a droplet, which is pulled by blue light for different relaxation rates κ. Initially, the droplet is placed at z = 0 and y = −0.9R. The laser is positioned at y = 0 and shines from right to left [compare Fig. 7(b) ]. Inset: For κ = 0.1, a stable oscillation with wavelength λ and amplitude A develops. Fig. 10 ). However, a closer inspection of the yellow curve in Fig. 9 shows that the droplet crosses the z axis before relaxing towards y = 0. This happens since the surfactant relaxation is not infinitely fast. The effect becomes even clearer for κ = 1 green curve in Fig. 9 , where the lateral droplet position performs a damped oscillatory motion about the laser beam axis. Since the surfactant relaxation (κ = 1) is sufficiently slow compared to the droplet speed M = 1, the swimming direction e does not point towards the illuminated spot at early times [see snapshot (b) in Fig. 10 (Multimedia view) ]. The droplet crosses several times the z axis before its direction aligns along the laser beam, as the supplemental movie shows. The movie also demonstrates how the step in the order parameter profile φ becomes steeper with increasing κ when the stationary state is reached. This was already mentioned before. Interestingly, at very slow surfactant relaxation (κ = 0.1), the droplet performs a stable oscillatory motion about the beam axis, which is nicely illustrated by the supplemental movie. Increasing the Marangoni number M increases swimming velocity and the oscillations occur at lower κ −1 . Figure 11 plots the amplitude A of the stable oscillations versus κ −1 and reveals a subcritical Hopf bifurcation. In the parameter range κ −1 = 7.5-14, both straight swimming (amplitude A = 0) and oscillatory motion (A 0) occur depending on the initial lateral displacement ∆ y. Indeed, if ∆ y is above the unstable branch of the Hopf bifurcation, plotted as dashed line in Fig. 11 , the droplet assumes the oscillating state. The two swimming regimes are illustrated by phase portraits in FIG. 11 . Amplitude A and wave number ν = 1/λ of the oscillating droplet trajectory (see inset of Fig. 9 ) plotted versus κ −1 . The two insets depict trajectories in (y,ψ) phase space, where ψ is the angle between droplet orientation and laser beam axis (see Fig. 9 ). Phase trajectories for κ −1 = 1 and 10 are shown and dots indicate the initial positions. orientation angle ψ = cos −1 (e · e z ) versus y. They either reveal a stable fixpoint (inset for κ −1 = 1) or a stable limit cycle (inset for κ −1 = 10). Finally, we also plot the wave number ν = 1/λ of the oscillatory swimming motion along the z axis. It decreases with κ −1 since the droplet moves more persistently and thereby performs longer excursions from the beam axis.
In experiments, κ = τ/τ eq can again be tuned by adjusting the surfactant concentration c S in the bulk phase. We estimate the equilibration rate by τ
2 , where j = k a · c S is the flux of surfactants from the bulk to the droplet interface and k a is a typical adsorption rate constant. Using also τ = R /s, and k a = 10 9 m/(mol s), one then finds κ ≈ 10 5 l/mol · c S . 72 Thus, in order to observe the Hopf bifurcation at κ ≈ 0.1, one has to set up an emulsion with surfactant density c S ≈ 10 −3 mmol/l. For smaller c S , we expect oscillations and for larger c S damped motion.
Finally, we note that we observed the same qualitative behavior as in Figs. 8-11 for a linear diffusive current j D = D∇ s φ and a linear equation of state for the surface tension σ. Hence, the origin of the Hopf bifurcation lies clearly in the nonlinear advection term M φu| R of Eq. (38) .
C. Pushing a transparent droplet with UV light
In the following, we discuss the case of an emulsion droplet with negligible light absorbance. The laser beam crosses the droplet and also actuates it at a second spot as illustrated in Fig. 12(a) . Here, we focus on a water droplet immersed in a transparent oil phase laden with trans surfactants. But we will also comment on the inverse case of an oil droplet in water. Due to the different refractive indices of oil and water, the transmitted beam is refracted at each interface according to the refraction law n sin α =n sinα. Here, α andα are the respective angles of the beam with respect to the surface normal in the oil and water phase while n andn are the respective refraction indices. We apply the refraction law to partial beams of the incident light so that it widens while crossing and leaving the droplet. In what follows, we use n = 1.45 andn = 1.35. Note that we neglect any reflection except for total reflection above the critical angle α max = arcsin(n/n). For the emulsion droplet, this implies that laser light is completely reflected if it hits the interface with a lateral distance to droplet center above ∆ y max /R =n/n ≈ 0.93. The general mechanism for the light-induced Marangoni flow is the same as in Sec. VI A. It is directed away from each illuminated spot. Since the spots are well separated from each other, the droplet velocity vector is a superposition of the vectors induced by each spot. Again, we start with a laser beam which is aimed at the center of the droplet. Due to refraction, the transmitted beam widens and the second illuminated spot is slightly larger than the first one. Thus, the velocity vector induced by the second spot is also slightly larger and slowly pushes the droplet towards the laser beam. This effect is hardly visible in our simulations. However, as soon as we introduce an offset ∆ y, the widening of the laser beam becomes stronger. The resulting velocity vector with orientation e pushes the droplet further away from the laser beam and also against the beam direction, as illustrated in Fig. 12(a) . Ultimately, the droplet leaves the beam completely. Figure 13 shows trajectories for various initial offsets. In the cases ∆ y = −0.2R and −0.5R, the droplet initially moves in negative y and positive z direction [see also Fig. 12(a) ]. Once the second laser spot has sufficiently decreased in size, since part of the beam is totally reflected, the droplet moves in negative z direction. It leaves the beam and finally stops. Thus, in analogy to the findings of Sec. VI A, the droplet is pushed out of the beam.
For an oil droplet immersed in water, the transmitted beam becomes more narrower. The droplet is still pushed out of the beam but the motion along z direction is reversed. The corresponding trajectories are similar to the ones in Fig. 13 , albeit reflected about the y-axis. If droplet and surrounding phase have equal refractive indices, the motion out of the beam is exactly along the y-axis. In all cases, the interfacial flow field is concentrated at the back of the droplet and the droplet is a pusher.
D. Pulling a transparent droplet with blue light
Now, we study the effect of a blue light beam aimed at a water droplet, which is suspended in an oil phase laden with cis surfactants [see Fig. 12(b) ]. In this case, the Marangoni flow is directed away from the illuminated spots. At zero offset, ∆ y = 0, the droplet slowly moves along the negative z direction. Any offset ∆ y 0 pulls the droplet back into the beam with the velocity vector slightly tilted towards −e z [see Fig. 12(b) ]. As in Sec. VI B, we use coupling strength κ to distinguish between different regimes of motion. Figure 14 (Multimedia view) shows trajectories from a supplemental movie (see Multimedia view A associated with Fig. 14) . In the case of strong coupling to the bulk phase, κ = 10, the droplet performs a damped oscillation about y = 0. The spatial resolution of our numerical method is not large enough to resolve the size difference between the two illuminated spots. Therefore, in the supplemental movie, the droplet stops and does not move into the negative z direction. Upon decreasing the relaxation rate to values below κ = 4.5, the droplet undergoes a subcritical Hopf bifurcation and the droplet starts to oscillate about the laser beam. Figure 14 (Multimedia view) shows the trajectory from the supplemental movie; the droplet has already left the scene to the left. Figure 15 shows the subcritical bifurcation in the bottom graph, where amplitude A and wave number ν are plotted versus κ −1 , or in the top phase portraits, where the limit cycle in case 2 is visible. Below κ = 2.2, the droplet changes its dynamics completely. After moving along the negative z direction for a few droplet radii R, the droplet reverses its swimming direction and reaches a stationary oscillating state. The reversal occurs because the amplitude of the oscillation is so large that the size of the second spot decreases in size due to total reflection and the first spot pulls more strongly. This oscillation is characterized by larger amplitude A and wave number λ compared to the first oscillation state [see Fig. 15 ]. Finally, at relaxation rates below κ = 0.54, the droplet eventually leaves the beam and stops. For the experimental realization of different values of κ, we refer to the discussion in Sec. VI B 2.
For an oil droplet immersed in water, where total reflection does not occur, we only observe three states, in which the droplet moves against the laser beam: damped oscillations, stationary oscillations, and where the droplet ultimately leaves the laser beam. A supplemental movie illustrates the three cases (see Multimedia view B associated with Fig. 14) .
VII. CONCLUSIONS
A non-uniform surface tension profile σ at the interface of an emulsion droplet generates flow fields at the interface and inside as well as outside of the droplet. The flow at the interface is directed along the gradient of σ. Using this Marangoni effect, the emulsion droplet becomes active. We decomposed the surface tension profile into spherical harmonics, σ(θ, ϕ) =  s In the second part of this paper, we presented two illustrative examples to demonstrate how gradients in the surface tension σ can be achieved and studied the resulting droplet motion.
In the first example, we considered an initially surfactant free droplet, which adsorbs micelles formed by surfactants. The adsorbed micelle not only induces Marangoni flow in the proximity of the droplet interface but also radial fluid flow towards the adsorption site. The radial flow enhances the probability that other micelles adsorb at the same site. This mechanism leads to directed propulsion of an initially isotropic emulsion droplet if the micellar adsorption rate is sufficiently large. Clearly, the mechanism only works when surfactants are adsorbed through micelles. Single surfactants would not produce a sufficiently strong radial flow to spontaneously break the isotropic symmetry of the droplet. Our idealized example stresses the role which micelles play in generating directed motion in active emulsions. Therefore, it might contribute to understanding the self-propulsion of water and liquid-crystal droplets, which has been demonstrated in recent publications. 25, 26 The second example considered a non-uniform mixture of two surfactant types in order to generate Marangoni flow. We used light-switchable surfactants based on the trans-cis isomerism of azobenzene to generate a non-uniform surfactant mixture. The analytic formulas for the flow field together with a diffusion-advection-reaction equation for the mixture order parameter determine the dynamics of the surfactant mixture and hence the droplet trajectory. We demonstrated that an emulsion droplet laden with trans surfactants, and either strongly adsorbing or transparent, can be pushed by a laser beam with UV light. However, the resulting straight trajectory is unstable with respect to displacing the droplet center relative to the laser beam axis. In contrast, a droplet laden with cis surfactants can be pulled into a laser beam with blue light. The straight trajectory is stable against lateral displacements. By decreasing the surfactant relaxation rate, the droplet develops an oscillatory trajectory about the laser beam via a subcritical Hopf bifurcation.
Having at hand analytic formulas for the full three-dimensional flow field, we are now able to fully discuss the recently introduced active emulsion droplet, where the surfactant mixture is generated by a bromination reaction. 18, 19 We included thermal noise in the diffusion-advection-reaction equation of the mixture order parameter and currently study the coarsening dynamics of the surfactant mixture towards the stationary order parameter profile. 71 Thermal fluctuations in the composition Note, by combining the outside field of the pumping solution w with the first term of the passivedroplet field v, the stokeslet components, i.e., terms with u ∝ r −1 , cancel each other, This shows that the droplet is a force-free swimmer. 4 Thus, in leading order, the flow field is given by a stresslet with u ∝ r −2 . The squirmer parameter β calculated in Sec. IV A determines the sign and the magnitude of the stresslet. In particular, if the coefficients s m 2 vanish, the squirmer parameter also becomes zero ( β = 0). Then, the flow field is less long-ranged and decays as u ∝ r In this frame, the velocity field satisfies the boundary condition u L | r → ∞ = 0. Note that in this frame, the radial component u 
APPENDIX D: COMPARISON WITH SQUIRMER MODEL
The presented solution u(r) for the flow field around an active droplet can be related to the axisymmetric squirmer model introduced by Lighthill 55 and later by Blake 56 as follows. The squirmer flow field can also be decomposed into a pumping active and a passive part, u sq = w sq + v sq , where v sq is the usual Stokes flow field of a solid sphere, which we obtain in the limit of infinite internal viscosity: v sq = limη → ∞ v. In order to match w with the known squirmer field w sq , one has to set s l = −(η +η) 4l + 2 l(l + 1)
This yields the correct flow field of a swimming squirmer with surface velocity field u θ =  ∞ l=1 B l V l (cos θ), where V l = −2 l(l+1) P 
